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The central problem of the character theory of groups is to derive infor- 
mation about a group from information about its irreducible characters. 
Two of the main classical results of the theory, Burnside’s and Frobenius’ 
Theorems, do this by implying, under certain conditions, the existence of 
a normal subgroup. We present as the first Ie a another condition on 
the irreducible characters which yields the exist of a normal subgroup. 
In what follows all groups are finite. Let Irr(G) denote the characters of 
tbe complex irreducible representations of a group G and let cd(G) = 
(x(l) I x E WG)), i.e., the irreducible character degrees of G. The first 
lemma is used in proving the following results. An irreducible character of 
maximal degree of a nonabelian simple group restricts reducibly to any 
proper subgroup. In a solvable group the Fitting length is no more than 
1 cd(G)/. In a r-separable group G the n-length K satisfies k < (1 cd(G)! + 1)/Z. 
We will also make some remarks about the problem of bounding the derived 
length of a solvable group in terms of / cd(G)l. 
Let H < G, a finite group, and let x and 8 be c racters of H and G, 
respectively. Let xo denote the induction of x to and OH denote the 
restriction of B to H. Let (h E H / x(h) # O} be the subgroup of N generated 
by the members of H satisfying x(h) # 0 and let ker(X) be the kernel of a 
representation affording x. The elementary character theory to be used may 
be found in Chapter V of [l]. 
LEMMA 1. Suppose H < G and x E Irr(H) scktisjfies (x”)~ = i G : H / x” 
Thea V = (h E El / x(h) + 0) a G. Fmther, for M (i M witiz M n Y < 
ker(X) we have M < ker(x). 
Proc$ By hypothesis (x~)~ = I G : H / x- We calculate (~o)~ usin 
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the formula for an induced character. Let T be a set of right coset represen- 
tatives for H in G and x0 be the extension of x to G which is zero on G - H. 
Let h E H and t E T. If ht $ H we have xo(ht) = 0 and if ht E H we have 
1 G : H 1 xo(ht) = (x~)~ (ht) = (x~)~ (h) = / G : H / x(h). Thus the formula 
for induced characters gives 
(XGhf (4 = c XoW) 
teT 
= j{t E T 1 ht E H}] x(h). 
Combining the expressions for (x~)~ gives 
1 G : H 1 x(h) = j(t E T j ht E H>/ x(h). 
Now suppose x(h) # 0. Then [ T I = j G : H I = [{t E T 1 ht E H}l and so 
ht E H for all t E T. Also we have x(ht) = x(h) # 0 so that the full 
G-conjugacy class of h is contained in V. Thus V a G. 
Since x vanishes on M - V and M n V < ker()o, the inner product of 
xM with the principal character of M is nonzero. By Clifford’s Theorem, all 
constituents of xw are conjugate to the principal character of M. It follows 
that M < ker()o as required. 
This lemma is useful under any conditions which imply, for H < G and 
x E Irr(H), that xc is a sum of extensions of x. One such condition follows. 
LEMMA 2. Let H < G and x E Irr(H) with x(l) 3 8(l) for all 0 E Irr(G). 
Then (x~)~ = / G : H / X. 
Proof. Now XG = C 8, for some Bi E Irr(G). By Frobenius’ reciprocity, x 
is a constituent of each (e,), so x(1) < e,(l). Our hypothesis on x implies 
x(i) = e,(i) so x = (eijH. A comparison of degrees shows that (xG)~ = 
IG:Hlx. 
COROLLARY 3. Let G be a nonabelian simple group and x E Irr(G) with 
X( 1) > 0(l) for all 0 E Irr(G). Then fog H < G we have xx is reducible. 
Proof. Assume that for some H < G we have xH E Irr(H). The preceding 
lemma applies to xH and shows that the hypothesis of Lemma 1 is satisfied. 
Thus V = (h E H 1 x(h) # 0) 4 G. Since G is simple, V = G or V = 1. 
The first case is impossible since V < H < G. In the second case xH is the 
regular character of H and so is not irreducible unless I H I and x(1) equal 1. 
But in this case x(l) = 1 is the maximal character degree of G which contra- 
dicts the fact that G is nonabelian and we are done. 
Let G be a group and N a G, we will identify each character of G/N 
with the corresponding character of G having N in its kernel. We use the 
following form of Lemma 1 in the remainder of the work. 
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COROLLARY 4. Let the group G have subgroups C and N with M 4 G and 
Let x ~1rr(G/N) with x(l) > 8(l) for all BE Irr(G). ?%en 
C 1 X(C) f 0) a 6. Further, for n/p 4 C’ with M n V C N we 
have M < N. 
Proof. Since x E Irr(G/N) and CN = G, the images of @ and G under 
the representation affording x are identical. Thus xc E Prr(C). Now 
applies and shows that the hypothesis of Lemma 1 holds for the character xc . 
Thus Vq 6. 
Suppose Ma C with M n V < N. Since x E Irr(G/N), we have 
N < ker0;). Thus M n V < N < ker()o and so M n Y < ker&-). 
Lemma I implies M < ker(xJ. Since ker(xc) < V by the definition of V> 
M < V. Thus M = M n V < N and the proof is complete. 
Let the Fitting subgroup of G, denoted Fit(G), be the maximal normal 
nilpotent subgroup of G. Let the Frattini subgroup of G, denoted cB(G)~ be 
the intersection of all maximal subgroups of 6. It can be shown that Q(G) < 
Fit(G). The preceding corollary leads to the following useful result. 
THEOREM 5. Suppose G is solvable but not nilpotent. The’he32 G/@(G) has a 
larger ~~~ed~c~ble character degree than G/Fit(G). 
.Pr~oj. Let G be a counterexample of minimal order to the theorem. 
(G) is solvable and by Theorem 3. 5 of Chapter III of [lJ it is not 
nilpotent. Further, by Theorem 4.2 of Chapter III of 113, Fit(G)/~(G) = 
Fit(G/@(G)). Since G is a counterexample, the exists x E Irr(G/~it(G)~ 
with x(1) > 8(l) for all 0 E Irr(G/@(G)). Thus G (G) is a counterexample 
to our theorem. minimality Q(G) = 1. 
We apply Cor ry 4. Let N = Fit(G) > 1. Since @j(G) = 1, there is a 
maximal subgroup C with N $ C. Thus CN = 6. For x E Irr(G/Fit(G)) 
selected in the above paragraph, Corollary 4 implies 
et M = Fit(C). 
v = <c E c 1 x(c) # 0) g G. 
First suppose M n V < N. The corollary implies M < N. Since 
j C : Fit( = / C : M / >, 1 C : C CI N 1 = / G : N j = j G : Fit(G)/ > 1, 
we have C is solvable but not nilpotent. Further, since x E Irr(G/N) 
CN = G, we have xc E Irr(C/C n N) c Irr(C/M). Since x(l) is maxi 
among the character degrees of 6, it is certainly maximal among the character 
degrees of the subgroup C. Thus C is a counterexample to I;he theorem. 
This is impossible by the minimality of G. 
Thus we may assume M n V $ N. Since M n V is a nilpotent norma! 
subgroup of V, we have M n V < Fit(V). It follows that Fit(V) $ N. 
ut this too is impossible since Fit(V) ckar V 4 G implies Fit(V) is 
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nilpotent and normal in G and hence is contained in N = Fit(G). This 
completes the proof of the theorem. 
Let Fi 4 G be defined by FI = Fit(G) and Fi+,/F, = Fit(G/F$). If G is 
solvable, we set f(G) equal to the smallest n such that F, = G and callf(G) 
the Fitting length of G. An easy induction argument yields the following. 
COROLLARY 6. For G solvable, f(G) < 1 cd(G)/. 
The following corollary is usually proved by observing that a group with 
all Sylow subgroups abelian is an M-group and applying Takata’s Theorem. 
We present an alternate proof. 
COROLLARY I. A solvable group with all Sylow subgroups abelian has 
derived length not moYe than / cd(G)l. 
Proof. Let 1 = FI < F, < ..* <F, = G be the series defined above. 
The Fitting subgroup and hence the factor groups F&F, are nilpotent. 
Since all the Sylow subgroups of G are abelian, the F,+,/F, are abelian. It 
follows that the derived length of G is not more than n. Now the previous 
corollary completes the proof. 
Corollary 7 is a special case of the following conjecture of I. M. Isaacs [2]. 
If G is a solvable group then the derived length of G is no more than 1 cd(G)/. 
This was proved by Isaacs [3] for groups with 1 cd(G)1 < 3 even without 
the assumption of solvability. Theorem 5 was found useful by the author [4] 
in proving that the conjecture holds for groups with I cd(G)/ < 4. 
We are now interested in proving a theorem analogous to Theorem 5 
for groups which are not necessarily solvable. A group G is said to be 
m-separable if each composition factor of G is a n or a rr’-group for some set 
of primes ?T and its complementary set 7~‘. Define +,(G) to be the group 
generated by all normal r-subgroups of G. Then 4,(G) is the maximal 
normal a-subgroup of G and $,(G/$,(G)) = 1. Define 54,,,(G) to be the 
inverse image in G of +,(G/$,(G)) and $,,,,,,(G) to be the inverse image in 
G of +,(G/+,,,(G)). Continue in the obvious manner. We call 1, 4,,(G), 
cb/,,(Gh #/,m r(G),... the lower z--series of G. The n-length of a r-separable 
group G is defined to be the number of nontrivial m-factors in the lower 
a-series for G. 
LEMMA 8. Let G be a nontrivial r-separable group with q&,(G) = 1. 
Then (P(G) < 4,(G). 
Proof. Since @(G) is both nilpotent and normal and 4,,,(G) = 1, we have 
Q(G) < 4,,(G). We suppose @(G) = 4,(G) and produce a contradiction. 
Since @(G) # Gin a nontrivial group, we have+,(G) # G. Let M = +r,r,(G). 
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Xow M > +JG) has 4,(G) as a normal Hall subgroup and, by Schur’s 
theorem, M has a n-complement II > 1. We use the Frattini argument to 
show G = N(H)M. For g E G, Hg as well as N complements &(G) in M. 
Since 4,(G) = Q(G) is nilpotent and hence solvable, Zassenhaus’ Theorem 
implies the existence of m E M with Hgm = H. Thus g 
M, that is G = N(H)M. Recalling that M = 
pd) we have G = N(H)&(G). Let C be a maxima 
(,Fi) which exists since N <I G. Then G = C+,(G) = C@(G) = 
C, since (P(G) < C. This is the desired contradiction. 
THZ~REM 9. Let G be a n-separable group with #,,(G) = 1 and G’ f 1. 
Then G has a larger irreducible character degree than G/&(G). 
Proof. Let G be a counterexample of minimal order to the theoren. 
Let N = 4,(G). Since G is a counterexample, there exists x E Irr(G/N) of 
degree maximal among cd(G). By the preceding corollary @P(G) < +,(G). 
Thus there exists C maximal in G with CN = G. Let Y = (c E C / x(c) # 
First suppose+,(C) # 1. Let M = &t(C). By Corollary 4, if M n V < N, 
then &p(C) = M < N = gS,(G). Th is is impossible so M n V 4 N, in 
particular, M n V # 1. It follows that 1 + M n T/ 4 &,(V) char V. Since 
Corollary 4 gives V a G, we have 1 f +V,(V) 4 G. This contradicts the 
fact that $,(G) = 1. Thus we may assume &f(C) = 1. 
But C satisfies the other hypotheses of Theorem 9. Indeed, @is r-separable. 
Further, since G’ f 1 and x is a character of G of maximal degree, we have 
x(l) # 1. But CN = G and x eIrr(G/N) so xc EI~~(C/N n C). Thus 
C’ f 1 and so C satisfies the hypotheses of the theorem. 
We now show that C does not satisfy the conclusion of the theorem. First 
we show &(C) = N n C. Indeed, &,(C)N is normalized by both C and N 
and so is normal in G. Also $,(C)N is a z--group so q&(C)_N < +,(G) = N. 
Thus 4,(C) < N n C and the other inclusion is trivial. As above 
xc E Irr(C/C n N) so xc E Irr(C/&(C)). 53. mce x(l) is a maximal irreducible 
character degree of G, it is certainly a maximal irreducible character degree 
of the subgroup C. Thus C is a counterexample to the theorem which 
contradicts the minimality of G. 
CORQJJARY 10. Let G be a r-separable group If 4,(G) = 1 theme k, 
the number of terms in the lower r-series, satisjes K < 1 cd G !* Thus I, the 
v&rzgth of 6, is no more than +(I cd(G)\ + 1) and if q&,(G) = 1, then 
I < + / cd(G)\. 
Proof. The first statement is proved by induction on the rmmber of terms 
in the n-series. If G’ = 1 then the statement is true so assume G’ # 1 and 
apply Theorem 9. It asserts that G has a larger irreducible character degree 
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then G/#,(G). By the inductive hypothesis stated for V’ instead of ?T, we have 
K - 1 < j cd G/$,(G)/ < 1 cd(G)] - 1. The result follows. 
The final statements follow easily from the first and so the proof is complete. 
Added in proof. T. R. Berger [.5] has shown that for G, a group of odd order, the 
derived length of G is no more than 1 cd(G)/. 
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